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Churchill and his co-workers (Churchill and Usagi, 
1972; Churchill and Ozoe, 1973; Churchill, 1977) have 
suggested simple empirical expressions for the heat trans- 
fer coefficient which correlate the data over the entire 
range of' Prandtl numbers or which are valid for mixed 
(forced plus free) convection. The correlations proposed 
by these authors interpolate between two asymptotic 
cases: very small and very large Prandtl numbers in one 
kind of correlation and forced and free convection in die 
other kind of correlation. It is worth mentioning that the 
simple algebraic expressions obtained lead practically to 
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the same results as the much more involved theoretical 
results (based frequently on numerical solutions). Ruck- 
enstein (1962) and Ruckenstein and Rajagopalan (1979) 
have shown that an order of magnitude analysis of the 
governing transport equations leads to algebraic equa- 
tions which can interpolate between two extremes. The 
two constants contained in the interpolation expression 
can be obtained from the appropriate values suggested by 
the limiting expressions. In particular, the paper of Ruck- 
enstein and Rajagopalan (1979) provides some foundation 
for the interpolation equation proposed by Churchill for 
mixed convection. An order of magnitude evaluation is 
used in the present note to obtain an algebraic interpola- 

Page 850 September, 1980 AlChE Journal (Vol. 26, No. 5) 



P r  

0.01 
0.05 
0.10 
0.20 
0.50 
1.00 
2.00 
5.00 

10.00 
20.00 
50.00 

100.00 
200.00 
500.00 

1000.00 

Present Equation (12) 
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Present Equation (13) 
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Churchill's equation 
Equation (15) 
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(6) C'UO = a tion equation between small and large Prandtl numbers 
for the heat transfer coefficient for laminar free convection 
from a vertical plate. Both the uniform wall temperature 
and uniform flux cases are treated. Even though there are 
some differences between the presently derived expres- 
sions and those of Churchill, the numerical results given 
by them are near to one another. 
The basic equations for laminar free convection from a 
vertical plate are 

x 62 

The velocity scale uo can be eliminated between Equa- 
tions (5)  and (6) to give 

a2x A + B -  
(7)  

( 3 64 = 
gPAT 

Because the velocity field in free convection is gen- 
erated b y  the temperature field, a single length, 6, the 
thickness of the thermal boundary layer, can be taken as 
the length scale for both the temperature and velocity 
fields. The velocity scale in the x direction is denoted by 
ug. Therefore, the velocity scale wo in the y direction is of 
the order of u $/x. 
Each of the terms of Equations (2)  and (3 )  is evaluated by 
replacing u and &u by uo, ax by x, &J by 6, aT and T - T, 
by AT = T ,  - T,.  Consequently 

aT aT U ~ A T  
ax ay x 

u- + w--- 

If we replace each of the terms of Equations (2)  and ( 3 )  
by the corresponding evaluations given by Equations (4) 
multiplied by constants, the former equations become 

and 

( 5 )  

which, since 

transforms into 

It is worth observing that for the two limiting cases 
Pr + 0 and Pr + m, expression (9) acquires the forms ofthe 
exact relations given below. The constants A and B are 
determined from these exact expressions. 

For an isothermal plate, the limiting solutions derived 
by LeFevre (1957) are 

Nu, = 0.6004 (Ra, Pr)l14 for P r  --* 0 ( 1 0 ~ )  

N u ,  = 0.5027 Ra, ' I 4  for Pr + w, ( lob )  

while for the uniform heat flux, the asymptotic solutions 
are (Churchill and Ozoe, 1973) 

Nu, = 0.692 (Ra, Pr)1/4 for Pr + 0 ( 1  l a )  

Using the asymptotic solutions (10) and ( l l ) ,  we obtain 

Nu, =RaX'I4 Pr1I4 (7.6955 + 15.659Pr)-'14 (12) 

for uniform wall temperature 

and 
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Nu, = Ra,’14 Pr114 (4.361 + 9.953P~)-’ /~ (13) 

for uniform heat ff ux. 
The corresponding empirical correlations suggested by 

Churchill and Ozoe (1973) to represent the data obtained 
by the numerical solution ofthe governing transport equa- 
tions are 

Nu, = 0 . 5 0 3 R ~ , ~ / ~ / [ l  + (0 .492/P~-)~/’~)”~ (14) 

for the isothermal wall and 

Nu, = 0.563R~,’ /~/  [l + (0 .437 /P~- )~ / ’~ ]~ /~  (15) 

for the uniform heat flux. Equations (12) and (14), and (13) 
and (15) are compared in Table 1 and 2, respectively. 

The algebraic method is obviously an approximate one 
and must not substitute the exact solutions. It provides, 
however, extremely simple expressions which lead to re- 
sults which are in reasonable agreement with the exact 
solutions. 

NOTATION 

U = thermal diffusivity 
A, B,A’,B‘,C‘ = numerical constants 
g = acceleration of gravity 
h, 
k = thermal conductivity 
Nu, = h.,sx/k(Nusselt number) 
Pr = u/a (Prandtl number) 

= local heat transfer coefficient 

= gpATxa/w (Rayleigh number) 
= temperature 
= wall temperature 
= ambient temperature 

= x component of velocity 
= x velocity scale 
= y component of velocity 
= y velocity scale 
= distance up the plate 
= distance to the plate 
= volumetric coefficient of expansion 
= k/h, (thickness ofthe thermal boundary layer) 
= kinematic viscosity 

= T,  - T ,  
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A modification of a viscometer originally proposed by Zimm and 
Crothers in 1962 is presented, which may be used to measure ultra low 
shear viscosity for highly dilute polymer solutions. This may provide useful 
information on polymer coil dimensions and relaxation time. Use of the low 
shear viscosity data leads to very large values of relaxation time induced by 
polymer addition to a concentration of only 2 to 3 wppm. This finding is 
consistent with the marked viscoelastic effects exhibited by these solu- 
tions. 

Interest in the flow behavior of highly dilute polymer 
solutions has increased greatly in recent years as many 
potential applications of these systems have emerged. Ex- 
amples include tertiary oil recovery, turbulent drag re- 
duction and cavitation suppression. Basic to the correla- 
tion and interpretation of data for any ofthese applications 
is measurement of the solution viscosity q. A closely re- 
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lated quantity is the intrinsic viscosity [q] which provides 
additional useful information on polymer coil dimensions 
and relaxation time. [q] is obtained directly from measure- 
ment of solution viscosity q and solvent viscosity q3 by the 
equation 

- 
[qJ = $,% rlrls 

C 7 s  
From knowledge of [q], the primary solution relaltation 
time 8, and root-mean-square end to end distance h may 
then be calculated (Ferry, 1970; Flory, 1969): 
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